Chapter 9

6; SYMBOLS AND THE RACAH COEFFICIENTS

9.1. DEFINITION

9.1.1. 65 Symbols

The Wigner 65 symbols [110] are related to the coefficients of transformations between different coupling
schemes of three angular momenta. The angular momenta j1,j3,js may be coupled to give a resultant angular
momentum j and its projestion m in three different ways:

D) ji+iz2=J12, Jra+js=],
) ja+js=Jas, J1it+Jas=1],
) ji+Js=Jis, Jas+Jja=]. (1)

Let |7172(513) jssm) denote the state vectors corresponding to the couplmg scheme I. These vectors are eigen-
vectors of the operators ﬁ,j,,j,,jw,j , J» and may be written as

I]!h (].13)].3.7.'") = Z C:;";muhm; C:::;":;:m, IJlmI)j?"‘?! jsms) . (2)

mimims

The state vectors corresponding to the coupling scheme II are eigenvectors of the operators ﬁ,:ﬁ,:}?,}%m?,%,

i1, ada(das)im) = D Cim . Clamm ljimy, jama, Jama) . (3)

mymsamy

Sxmllarly, the state vectors corresponding to the coupling scheme III are eigenvectors of the operators j 1,j,,,]3 ,
j 13:j )Jx)
lgs(rs)gaim) = Y I s G Ljimy, f2ma, Jsma) . (4)
mimamsg
States belonging to each coupling scheme form a complete set of states. A transition from one coupling scheme
to another is performed by some unitary transformation which relates the states with the same total angular
momentum 7 and projection m. The coefficients U of this transformation differ from the 6; symbols only

by normalisation and, phase factors. These factors are chosen in such a way to make the 65 symbpls more
symmetric (Sec. 9.4).
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One defines the Wigner 65 symbols {';1 jz ;;2 } by the relation
3 3

(172(712)Ja7m31, 293 (d23) 7' ™) = 8,5 6me U(J1727 335 J12723)

= §iu (=1 taatastd | J(9y 1)(27 1 {.7:1 .7:2 .7:12} . 5
i3 Smme (1) V(212 + 1)(2723 + 1) s 7 fos (5)

From Eq. (5) one may obtain [92, 64]

(7152 (j12) 13 5ml5155 (518 ) 2 g’ ™) = 8jjt Smeme (= 1) YA =I3=38 U (5351 55; f12713)

=6; 5mm,(_1).7'2+J'a+.7'12+.1'13 \/(23‘12 +1)(2513 + 1) {.72 J1 J12 } ’ (8)

J3 7 N3

(91, 7273 (523) 7| 173 (F18) 72 5'm') = 8i50 St (= 1) 1937933 U (51 335 2; J13723)

= 6’-"-, 5mm'(—1).7‘l+j+3'23 \/(2]13 + 1) (2]~23 + 1) {.71 J3 Jis } . (7)

J27 J23
According to the definition (5) the 65 symbols may be given in terms of the Clebsch-Gordan coefficients

E : Cfm CJ'umu Cq"m' szs m3s

J1amizfama U Nimajamg T iimigasmas U amajsms

= Bt 6 (= 1) HIINT So 1) (2708 + 1 {1113:23:12}_ 8
73 bmm: (—1) V(2512 +1)(272s + 1) T i fos (8)

Here the sum is over mj, my, m3, my2, mos while m and m' are fixed. This relation completely determines
absolute values and phases of the 65 symbols. The 67 symbols turn out t5 be real just as the Clebsch-Gordan
coeflicients are.

The quantum-mechanical rules of vector addition impose some restrictions on possible values of momenta
71 J2 12
B3I Js )’

(a) All momenta are integer or half-integer nonnegative numbers (with one exception considered in Sec. 9.4).

(b) Each triad (5172712), (712787), (J27sJ2s) and (72371 7) should satisfy the triangular condition (Eq. 8.1(1)).
The unitarity of the recoupling transformations implies the orthogonality and normalization conditions of the
67 symbols.

which are arguments of the 65 symbol {

2(23'12 + 1)(21-23 + 1) {.11 72 12 } {.71 J2 2 } = 5’.”,.;’ , (g)

. 733 Jesf \Js 7 s
J12
. . 71 32 h2 7122 Ji2
2 +1){2723 +1 I I =64 . 10
Z( 712 +1)(2725 + 1) {Js J 323 } {Js J st} 30 (10)

Ja3
Below we shall use Latin letters qa, b, ¢, etc., to denote arguments of the 65 symbols.

9.1.2. Racah Coeflicients

Instead of the Wigner 65 symbols the Racak coefficients [91] are often used, especially in spectroscopy
theory. These coefficients differ from the 65 symbols only by a phase factor:

{ 3 z Ji } = (—1)tbrte W (abed; cf) . (11)



292 Quantum Theory of Angular Momentum

The Racah coefficients were introduced independently of the 65 symbols. The phase of the Racah cpefficients
coincides with the phase of the coefficients which describe the transformation between I and II coupling schemes

(Eq. (8)).

9.1.3. R Symbols

The 65 symbols and the Racah coefficients may be written in the form of a 3x4 array || Ria|| (8 = 1,2,3;a =
1,2,3,4) which is called the R-symbol (Shelepin [105])

Ri1 Ryz Rys Ry4 ab e
Rﬁl R22 RQS Rﬁl = {d e f } = (_1)a+b+d+e W(ab‘d;cf)) (12)
Rs; Rsz Rss Rsy
where
Riy=-c+d+e, Riz=b+d-f, Ris=a+e—f, Ruu=a+b-q,
Ryy=-b+d+f, Rup=c+d-e Ris=a-b+c, Ray=a-e+f,
Ry =—-a+e+f, Ang=—a+b+c,' Ryg=c—d+e, Rs‘=bb—d+f. (13)
The inverse relations are
2a=Ris+ R3¢ =Riu+Rzs, 2d=Ru1+Ry3= Riz+ Ry,
20 = Riz + Rs¢ = Ria+ Rsa, ° 2¢= Ry; + Rss = Rys + Ry,
2¢c=Ra3+ Rss = Ras + Rsa, ' 2f = R31 4+ Rs¢ = Raq¢+ Rs; . (14)

All 12 elements R;, are integer nonnegative numbers. The differences between corresponding elements of rows
and columns are constant: : ‘

Ria — Ria = Rig — Ryp,

L,k =1,2,3; =1,2,8,4). 15
Ria — Rip = Rya — Rap, (‘n 12,3, 2,8 14y 9y ) ( )
Note the following relations:
3 Y
Y Ru=2d+e+f)-a-b~c, I Rs=2(a+c+e)—b-d-f
t=1 toe=l
3 3
ER,-;=2(b+c+d)—a—c—f, Z&4=2(a+b+f)—c—d—c, (16)
=1 =1
Y Ria=20+b+c+d+e+f).
t,a
One may also use the following parametrisation of the :eloments Riq [45):
Ria = A - By . (17)
Here A;, B, are integer nonnegative numbers
Ayj=a+b+d+e, By=a+b+e¢,
Az=a+c+d+ f, By=a+te+ f,
Ag=b+ct+e+ f, By=b+d+f,
Bi=c+d+e, (18)
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with
3 4
S A= Ba=2c+bt+c+dtet]). - (19)
=1 a=] .

The inverse relations are

2a = A; + Az — Bs — By, 2d=A,+ A; — B, — By,
2b = A; + As — Bz — By, 2¢e= A, + A; — B; — B3,
2¢ = Az + Ag — B3 — B, 2f = A; + A3 — By — B,. (20)

The R symbols provide the simplest formulation of the symmetry properties of the 67 symbols and Racah
coefficients.

9.2. GENERAL EXPRESSIONS FOR THE 6; SYMBOLS.
RELATIONS BETWEEN THE 6; SYMBOLS AND OTHER FUNCTIONS
. abec
The 65 symbols { def
triangular conditions 8.1 (1). The expressions for the 85 symbols given below are valid if all these conditions

are satisfied. Corresponding expressions for the Racah coefficients may be obtained by the use of the relations
between these coefficients and the 65 symbols 9.1 (11).

vanish if at least one of the triads {abc), (cde), (aef) and (bdf) does not obey the

9.2.1. Expressions for the 6; Symbols in Terms of Finite Sums

In the expressions presented below the sums are over all integer nonnegative values of n so that no factorial
in denominators has a negative argument. The quantities A(abc) are defined by Eq. 8.2(1). Numerical values
of A(abc) are given in Table 8.12.

{; 2 ; } = A(abc)A(cde)A(aef)A(bdf)

(=1)*(n + 1)t
xzn:(n—a—b—c)!(n—c—d—-e)!(n—a-—e—f)!(n—b—d—-f)!(a+b+d+c-—n)!
x(a+c+d+f—n)l(b+c+e+ f—n)!
(Racah [91)) (1)

By the replacement n — a + b + d + ¢ — n one can rewrite Eq. (1) in the form

{; ﬁ ; } = (—1)2+b*d+e A(abc) A (cde) A(ae f) A(bdS)

Z (-1)"(a+b+d+e+1—n)
nlla+bdb—c—n)(-c+d+e—n)l(a+e—f—n)l(b+d— f—n)!
X(—a+c—d+f+n)(-b+c—e+ f+n)!
(Racah [91]) (2

n
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Some other expressions for the 65 symbols which cannot be easily reduced to (1) and (2) are [45, 50].

abe a+tc A(aef)A(bdf)
{d ef } = (-y)rere A(abc)A(cde)

" (ra+b+c+n)c—d+e+n){a—c+d+ f—n)
x;(—-l) nlla—e+f—n)(-b+d+f—n)(-a+b—d+e+n)l(b+c+e— f+1+n)’

abec| _ averdss Ofabe)A(bdf)
{d e f } = () e A (ode)

" (a—b+d+e—n)(~btc+e+f—n)l(a+c+d+ f+1—n)
xzn:(— ) nlla—b+c—n)(-b+d+f—-n)l(ate+f+1-n)l{c+d+e+1—n)!’

{a be } _ (—1)etoHate Aabe)A(cde)Afaef)A(bdf){a+e+ f+1){b+d+ f+1)!
de f (a+b—c)a—b+c)(—c+d+e)(c+d—e)l(—a+e+ f)I(b—d+ f)!

1" (—a+e+f+n)li(b—d+f+n)l{a+c+d— f—n)
x;" ) nllate—f—n)(b+d—f—n)(~a+c—d+f+n)(2f+1+n)’

{a be } = (cq)rrerets A(abc)A(cde)A(aef)A(bdf)(a+b+c+ 1) (b+d+ f+ 1)
de f (a+b—c)lc—d+e)lctd—e)a—e+ f)(—a+e+ f)Ib+d— f)

" (26—n)lb+c—e+f—n)l{b+cte+f+1—n)
x;(— ) n(—a+b+c—n)b—d+f-n)la+b+c+1-n)l(b+d+f+1-n)t’

9.2.2. Bargmann Formula [53]

4 3
1T (Ria)!

i=1 a=1 (‘—l)n(n + 1)! .
ali[l(Ba +1)1} =iwe t'Iz-Il(x‘.)!aIiII(ya)!

Ry; Ry, Ris Ry,
R3y Rp2 Rz Raa
R3; Raz Raa Ras

abe
de f

(3)

(4)

(8)

(6)

(7)

Here R;, are elements of the R symbol (Sec. 9.1.3), B, are given by Eq. 9.1(18), z;, y, are summation indices,
n= Ele z; + E:=1 Ya. The sums are over all integer nonnegative values of z;, y, which satisfy the conditions
Zi + Ya = Ria. These conditions show that only one of the summation indices is independent. The sum in (7)
contains r + 1 terms where r = min{R;,}. If we take the quantity n (integer nonnegative) as an independent
summation index, then z; = A; — n,y, = n — B,, A; and B, being given by Eq. 9.1(18). In this case the

Bargmann formula (7) reduces to the Racah formula (1).
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9.2.8. Relations Between the 65 Symbols and the Generalized Hypergeometric Functions

The 67 symbols may be written in terms of the hypergeometric functions 4F3 with unit argument:

{a be } = (—1)etbrate A(abe)A(cde) Alacf)A(bdf)(a+b+d + e+ 1)!
def (a+b—c)l(-c+d+e){at+e—fb+d— f)(—a+c—d+ f)(-b+c—e+ f)!

—a—b+tc,e—d—e—a—e+ f,-b—d+f
X‘Fs[—a—b—d—e—1,—a+c—d+f+1,—b+c—e+f+1 1] 5 (Rose [30) (8)

{a be } = (—1)etetats Aaef)A(bdf)(—a+b+c)(c—d+e)la—c+d+ f)!
def Afabc)Afcde)(a—e+ f)H{—b+d+ f)i(—a+b—d+e)l(b+c+e— f+1)!

% i F: —-a+b+c+lc—d+e+l,—a+e—fib—-d—f 1 9)
4 _a4c—d—f,—a+b—d+e+1btcte—f+2| |’

{a be } = (—1)eterdts Afabe)Albdf}Y(a~b+d+e)l(-b+c+e+ fla+c+d+ f+1)!

def Afaef)A(cde}(a—b+c)(-b+d+ fllla+e+ f+ 1) {c+d+e+1)!
—a+b-c,b—d—f,—a-e—f—-1,—c—d—e—1
x“Fa[ —-a+b—d—-eb—c—e~f,—a—c—d—f—1 H (10)

abe a .
{def}z(_l) +o+d+

A(abc)A(cde)Alaef)A(bdf){a+e+ f+ 1) (b+d+ f+ 1) (a+c+d- f)!
(atb—c)Ma—b+e)(—c+d+e)l{lc+d—e)la+e— fIHb+d— f)(—-a+c—d+ f)I2f+1)!

X

—a—e+f,-b—d+f-ate+f+1,b-d+f+1
X‘F3[ —a—c—d+f,—atc—d+f+1,2f+2 1 (11)

abec ote
{dcf}____(_l)b+++f

N Alabc)A(cde)Alaef)A(bdf)(2b){(b+c—e+ f){b+c+e+ f+ 1)
(ma+b+c) a+b—c){c—d+e){ct+d—e)l(a—e+ f)(—a+e+ A b+d~f)(b—d+ f)!

a—b—c,~b+d—f—a—b—c—1,-b—d~f—1
x“FS[ —2b,—b—c+e—f~b—c—e—~f—1 H (12)

Equations (8)-(12) present Eqgs. {2)-(6) in terms of the hypergeometric functions.
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9.2.4. Relations Between the 6) Symbols and the 3;m Symbols

The 65 symbols may be written as sums of products of the Clebsch-Gordan coefficients (Eq. 9.1(8)) or 3jm
symbols. The relations between the 65 symbols and the 3ym symbols are

abc _ _1\dtet+f+E+ete ab [ ace f db f d [+
{def}—z( 1) afy)\ae—p)\-6Bp/)\b6—-cv/" (13)
In Eq. (13) the sum is over all possible values of a,f,7,6,¢, with only three summation indices being
independent. Some other sums of the 3jm symbols which yield the 65 symbols will be considered in Chap. 12.

9.2.5. Quasi-Binomial Representation of the 6; Symbols

The 65 symbols may be written in terms of quasi-binomials [45, 99] which are defined in Sec. 8.2.2. These
representations are widely used in tabulating the formulas for the 65 symbols.
Let us introduce the following definitions:

ky=e—d, B=R;y =-b+d+ f, F=Rya=b+d-f,
ka=a-b, D=Ry=b—-d+{, EER12+R21+R3¢+1=b+d+f+1. (14)
Then the dependence of the 67 symbols on k; and k3 is given by
abc| _Jbt+ks b ¢
def | d d+k f

(c + kg)(3ks) Blka=k2) D(=1)(ka=k1) B(= 1) (ka+b1) pl=1) (ka+h1)

= (_1)E+k1+kz+l
(¢ + k1)¥c — k1)'(2b + ¢ + k3 + 1)(3e+2)(2d + ¢ + ky + 1)(3e+D)

The quantities u and v may be chosen in different ways. This depends on which equations in Sec. 9.2.1.
are supposed to be written in a quasi-binomial form [45].
Equations (1) and (2) are obtained by putting

u=(c+ k) V(B —k;+ k)P DO

16
v=(c— k) FO(E 4+ ky + k). (16)
Equation (3) is obtained, if
u=(c+k)VBEND 4 ky — k)Y, )
v=(c = k) O(F + kg + k) "D ED (
or
u=(2d—c+ k) VDI (F 4 k3 + k)Y, (18)

v=(2d+c+ky + 1) (D + ks — k, )"V FO)
Equation (4) corresponds to

u=(2d+c+ ki + 1) (B ks + k) VED, 19
v=(2d=c+ k) "VBED(E + kg 4 k) (19)
Equation (5) is obtained provided

u=(c+ks)"V(B ~ k3 + k1) V(D + k3 — ;) (7Y,

20
v=(c—ki)M(2b+c+ks+1)MN2d - ¢+ k;) (V) (20)
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or
u=(c+k)D(2b—c+ k) "V (2d—c+ k)Y, 21
v=(c+ks) COFWED (21)

Equation (8) corresponds to
u=DMED(2b 4 ¢4k + 1)), 22)
v=(D+ky— k) CVE + ko + ki) V(20— c+ kz) 7Y,

or

u=(c+ k)M (2b+c+ ks + 1) V(2d+ e+ kg + 1)V, (29)

v= (c + kz)(—l)(F + ko + kl)(_l)(E + k2 + k1)(_1) .

Equation (15) for the 65 symbols is valid, if all the exponents 2kz, k2 —k; and k2 +k; are integer nonnegative
numbers, i.e., if k; > |k1]| > 0. If some of the exponents are negative, the corresponding quasi-power should be
replaced in accordance with

(2) 1 (-1)0) _, 1 _
P ey P (1 y foro<0. (24)

9.8. INTEGRAL REPRESENTATIONS OF THE 6; SYMBOLS

Squares of the 85 symbols may be expressed by integrals involving the characters of the representations of the
rotation group [110]

{305} = G [ aRtadRox (R (o) (Relx (Ba ) (RoRT N (BB (1)

Here

X(R)=) Din(R) = Z Dn(, 8,7)

is the character of the representation of rank j (Sec. 4.14)

2n .4 2n
/ f(R)dR = /0 do /0 sinpap [ drfle,pr1).

Note also the following integral representations for some special 65 symbols

{Z ; ; } gs 13)2: / dRydRyx* (R1)x’ (R2)x*(RaRa)x" (3" Ba) , 2)
abg abg abe
{dbc}{dbf}{dbf}
2a
= 3 [ RdRadRodRo (R0 (B! (B (RuRal (RuRsFaRs R (RuRaR), (3)

abe aef dbf dec

def abe abe abe
/ dR;dR,dRsdRdRsx*(R1)x° (Rz2)x’ (Ra)x“(R4)x“(R5”1R3Rg)x"(R5R4RgR1)x°(R;leRlng .)
4

1)2d
(8 2)5
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9.4. SYMMETRIES OF THE 6; SYMBOLS AND THE RACAH COEFFICIENTS

9.4.1. R-Symbols
The symmetry properties of the 65 symbols and the W-coefficients may be formulated in a fairly simple
way if these coefficients are written in terms of the R symbols (see Sec. 9.1.3).
The value of the R symbol is invariant under any permutation of its rows or columns {105]

Ry Rz Ri3 Ry R,y Riz Ris Ry Ria Rip Ryy Rys
R21 Rz R33 Ry, Ry Riz Ris R Rza R2p Rz Rz
R3; Rz Ras Ray Ry Rz Ris Ry R3a Rsp R34 Ris
In other words, any permutation of parameters A; or B, (see Sec. 9.1.3) leaves the value of the R symbol
unchanged. These symmetry relations involve 3! x 4! = 144 generally different Racah coefficients.

= =

: (1)

9.4.2. 67 Symbols

The above-mentioned symmetries of the R symbol are equivalent to the following symmetries of the 6;
symbols.

(a) Classical Symmetries [110]: The 65 symbol is invariant under any permutation of its columns or under
interchange of the upper and lower arguments in each of any two columns:

abc|_Jacb|_fbac|_[bcal_Jcabdbl_ [cbda

def| ldfe) ledff lefd| |fdef |fed
_Jaefl_Jafel_Jeafl_Jefal_[fael_[fea
T ldbe [T Ydcb [ |bdef \|bed) ledb| )cbd 2
_Jdecl_Jdcel|_Jedc|_Jecd|_Jcdel_Jced @
T laebff lafb) lbaf) \bfa) \|fabdb| |fba

db dfb bd bfd db bd
={ae{}={afe}z{eaf}={c£a}={{ae}={cl:‘ea}'

These relations involve 3! x 4 = 24 different 65 symbols.

(b) Regge Symmetries [95): The relations below are functional ones, i.e. in general they cannot be obtained
by interchanging the 67 symbol arguments.

abe | _Jasi—bsy~c|_Jsz—absy—c
def| \|ldsi—esi—ff \sg—dess~f
- s3—as3—bec|_Joo—dss—esy—f|_Jss—dsi—esa—f 3)
ss—dszg—e ff \lsg—ass—bs;—c| |ss—as;—bsy—c|’

1 1
31='§(b+c+c+f), 83 = E(a+c+d+}'), 83 = %(a+b+d+c). (4)

where

These relations are especially useful when s; equals one of the 65 symbol arguments. Combining the Regge
symmetries and the classical symmetries, one gets all 144 symmetry relations.

9.4.8. Racah Coeflicients

For the Racah coefficients the symmetry relations are the following.
(a) Classical Symmetries [91]:

W(abed;cf)= W(deba;cf)= W(edab;cf)= W (bade;cf)

W (aebd; fc)= W (dbea; fc)= W (bdae; fc)= W (eadb; fc)
e1W (acfd;be)= e, W (df ca; be) = e, W (fdac; be)= e, W (cadf ; be) 5
W (afed;eb)= e, W(dcfa;eb)= ;W (cdaf; eb)= e1W (fadc; eb) (5)
e2W (cbef; ad)= ;W (febe; ad)= €W (efcb; ad)= e;W (be fe; ad)
= €W (cebf; da)= e3W(fbec;da)= e;W (bfce; da)= eaW (ec fb; da),

bown
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where
e = (FUPTt e = (m1)ereed 0

(b) Regge Symmetries:
W (abed;cf) =W (s3 — a,83 — b,s3 —e,85 —d;cf) = e, W(a,s; — b,8; —e,d; 8y — ¢, 81 — f)
=e,W(sg —d,s3—e,83 —b,s2 —a;81— f,81 —c) =e2W(s2 —a,b,e,32 —d;83 — ¢,32 — f)
=e;W(ss —d,s1 —e,51 —b,s3 —a;82 — f,82 —¢). (7
Here s, s, 33 are given by Eq. (4) and ¢, &; by Eq. (6).

9.4.4. “Mirror” Symmetry

The formulas for the 67 symbols may be extended to include negative integer or half-integer values of
arguments. In this case one has the following symmetry properties [45] corresponding to the replacement

J— =11
b abe oy Jabe | _ o abe
{Ze;}_ {Jaf}=(‘1) {Zejf}—( ) +1{Jaf}

= {3he Y=o {5 b micnn {5Ee b =i {505)

e A EECR EA G LA S C S (41 0
Here

a=—-a—1, b=-b-1, etc.
pr=b—c—e+f, p2=2(a+4d), ps=c+d+e+2f, pg=a+b+ec, ps=2(c+ f)+1. (9)

Similarly, for the Racah coeflicients one gets

W (abed;cf) = —W (abed; cf) = W (abed;cf) = —W (abed; cf)
= (—1)¥V111W (abed; cf) = (—1)¥* W (abed; Ef)—-z( 1)¥2W (abed; cf) = i(—1)¥?W (abed; zf)

= i(—1)¥*W (abed; cf) = i(—1)V*W (abed;cf) = (—1)¥*W (abed;cf) = (—1)¥*+ W (abed;cf).  (10)

Here
Y1=-bt+c—e+f, Ya=-c+d+te+2f, Ya=a+b—c, s=2(d+f). (11)

9.5. EXPLICIT FORMS OF THE 6; SYMBOLS FOR CERTAIN ARGUMENTS
9.5.1. One of Arguments is Equal to Zero

For the 67 symbols one obtains
0bc¢ — 1 b+etd 5bc5ef abe 1 atbte 51,,5“
d f - (_ ) 4 0 e f (— ) S s Y T
e @b+ 1)(2e + 1) @b+ 1)(2c + 1)
{a. 0c } _ (_1)a+d+e 6ac6(ﬁ {a bc } (_1)a+b+d 6af6cd
de f (2a+1)(2d+ 1)’ a0 f Vi{zZa+1)(2c+ 1)’

ab0 — (_1)atetS 8abbae {a be } __q\a+b+c Saebbd
{def} =3 (2a+1)(2d+1)° deof =Y (2a+1)(26+1) ®
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Analogous relations for the Racah coefficients are

cef) = Bpcbes aled;cf) = bacly

W (Obed; c f) T W (a0cd; c f) N TEEE
)= 5¢f5¢¢ abeO: cf) = 6bl£cc

W (ab0d;c]) = V(2a+1)(2c+1)’ W(abetiel) VRb+1)(2e+1)’

. — {_1\a+e— 6abdde abed: 0} = (—1)2+b—¢ Saedbd
W (abed;0f) = (-1)** ,\/(2a+ 1)(2d+1)’ W(abed;c0) = (=1)*** V2e+1)(26+1) @

In this case all other arguments are supposed to satisfy the triangular condition.

9.5.2. One of Arguments is Equal to the S8um of Two Others

If one of the 65 symbol arguments is equal to sum of two others from the same triad (abc), (cde), (aef), (bdf),
one may use the classical symmetries of the 65 symbol (Eqs. 9.4(2)) to express it in the form

{a ba+ b} = (_1)a+b+d+e W(abed;a+ bf) = (_1)a+b+d+e

de f
[ (20)(28)(a+ b+ d+e+ 1) a+b—d+e)(a+b+d—e)(-a+e+ f)(=b+d+ f)! ¥
(2a+2b+ 1) (—a—b+d+e)(ate—f)a—e+ fla+e+ f+1)(b+d~ f)I(b— d+f)'(b+d+f+1)']
(3)

In particular,

aba+b) _, larbrdse (26)!(2¢)N(a+b+d—e)l(a—b+d+e)! 4
{dea+c}_( ortrer [(2a+2b+1)!(2a+2e+1)!(—a—b+d+e)!(—a+b+d—e)!] @

ab a+bd | _ . Latbrdse
{dea+c—1}_( 1)

><[2a(a+b+d+c+1)(a+b—d+¢)(2 (28 (2e -~ 1) (a+b+d—e)(a—b+d+e—1)! ]5,
(5)

a+2b+1)!(2a+2¢)!(-a—-b+d+e)(-a+b+d—e+1)

aba+b)| _ atbte (2a)!(b + )
} =y (26 + 26+ 1)}(—=b+e)!’ (6)

ab a+b } = (=1)2a+b+e (2a — 1)Y{b+e—1)! [20 2b(b+e)(2a+b—e)(2a+b+e+1) }
= (2a + 2b)1(=b + ¢)! (26 +26+1)(~b+e+1) ] ) -

(a+b=fa+d+ f+1)1°

aba+b] _, .\2a+2 (2a)!(2b)!
} = e [(2a— £)!(2a+ £ +1)1(2b— f)1(2b+ £ + 1)} (%)

(10)

{
{
ST SR ) ®
{
{

aba+b| _ at2o  (2a)!(20)!
} = (-1 (2a+2b+1)!°
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{Besit )= omm G20, (11)
{Z:Zfb} 1)2"*2"2—@;—1', (@a>1), (12)
{abafﬁl} (-)2““”’(2—“;%;;5, (e>b-1), (13)
{“+:+ ¢ 2 Ziz} = (e [(2a+ 25 + 1)(12a+ 2e+ 1))} (4

9.5.8. One of Arguments is Smaller by Unity than the Sum of Two Others

If the 67 symbol has one argument which is one less than the sum of two others from the same triad
(abe), (cde), (aef), (bdf), one may use the classical symmetries of the 65 symbol (Eqs. 9.4.(2)) to bring it into
the form

de f
= (—1)*+b*4*e 2 {ab(a + b) + (a + b) f(f + 1) — ad(d + 1) — be(e + 1)}
x[ (a—1){2b— 1) (a+b+d+e){a+b—d+e— 1) a+b+d—e— 1) (—a+e+ f)l(=b+d+f)! r
(2a+28)(—a—b+d+e+1)l{ate—flla—e+ flila+e+ f+1)1(b+d—F)b—d+ fRIb+d+ f+I)

{a ba+b— 1} = (-1)“+b+d+°W(abed;a+ b—1f)

(15)
In particular
{3 ’ :j:’;:i} = (~1)****eo(ala L bt e — 1)(a+ b+ ) — ad(d + 1) — 2be}
[ (26— 1) 2 —1)a+b+d—e—1)a—b+d+e—1)! ]* "
(26 +2b)!1(2a + 2e)(—a~b+d+e+ 1) (-a+b+d—e+ 1)) ' (16)
{Z z ZI:: i} = (—~1)%*b*+e 2{b(2a + b — 1)(2a + b) — be(e + 1) — 247} (zr(::—z;))x!((i:: ;:)1!)! ,  (17)
{Z : “*;‘ 1 } =(-1)%*222{ab(a + b) + (a + b) f(f +1) — a®(a + 1)
2 2a — 1)!(2b — 1)!
R P IEjf)!()a(-i-b n ))’+ Ik (18)

(2a — 1)1(25 — 1)!
[(2a = f)!(2a + f + 1)1(26 — F)N(2b+ f + 1)1]} (’19)

{: b “+;’,‘1}= (=1)22%2°2{(a + b) (£ + 1) — 2ab}

a bat+b-1 = (- )2(a+b+e) 2b - 2¢ 3 (20)
at+b+te-leate—1 (20 + 2b)(2a + 26 — 1)(2a + 2¢)(2a + 2¢ — 1) | °
Some other cases are given by Egs. (5), (7), (11).
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9.5.4. Arguments q,b,d,¢ are Equal in Pairs

fa="band d=cora=eandb=d, the Wigner 65 symbol may be rewritten as [56]

{Z b ;} N {a iy } = (—1)2**20 W (aabb; cf) = (-1)**+2* W (abab; fc)

bac

= (-1)etttets [(%f‘:;;;:g:;i ol "Vela, £,8), (21)

where ¢ is integer, and V.(a, f,b) = V,(b, f,a). According to Eq. 9.6(6), the quantities V. satisfy the recursion
relation

2c+1 ¢
Vegr = -;—_T_TVch —c(2c+ 1)V, - p 1[4a(a +1)+1—c][db(b+ 1) +1—c?V,_;. (22)
Let us denote
G=ala+1), b=bb+1), z=f(f+1)-ala+1)-bb+1)=F-&-3. (23)

Then for some special values of ¢ the functions V, are given by

Vo(a, £,8) =1, (24)
Vi(a, f,b) = -2z, (25)
Va(a, f,b) = 622 + 6z — 833, (26)
Vs(a, f,b) = —20z° — 80z% — 16z[3 + & + b — 3ab| + 8035, (27)
Vi(a, f,b) = 70z* + 700z° + 40z%[39 + 53 + 56 — 630)]

+ 80z[9 + 63 + 6b — 173b] — 4845[27 + 43 + 45 — 238], (28)

(2a)(2a — 1)Y(2a + 2b)!(—a + b + f)!

— (_1\l1+ta—=b+7 F_7
Vaama(a, £,8) = (1) e e 4 = b e it = b7 et b+ 7+ I

(29)
1
(a S b+ 5) )
_(_\l1-a ¥ (26)4(2b — 1)!(2a + 2b)!(a — b+ f)!
Vavmsla, £,8) = (S0 28 + - B e e T a3 bt et b F T 1) (50)
1
(b <a+ 5) )
 (_1ye- (2a)!(2a)!(2a + 2b + 1)}{—a + b+ f)!
Vaalo 8) = (S0 o e b= =5+ e s b+ FF I (1)
(a <),
Vaslas £.8) = (—1)-++0+7 (2)!(2b)!(2a + 2b + 1)!(a — b + £)! 2

(2a =2b)a+b— f)H(—a+b+ f{a+b+ f+1)!
(b<a).
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For special values of f one has
2b)!1(2a + ¢ +1)!

Ve(a,a=b,b) = §2a+ 1)1(26 — ¢)!’ (a20), (33)
Ve(a, b —a,b) = g:lﬁ;&:i 3: , {(a<g¥), (34)

(26— 1) 2a+c+ 1)

Vela,a—b+1,b) =2{2b(a+ 1) — (@ — b+ 1)cf{c + 1)} Zat b —o) (35)
(a>b-1),
vu@b—a+li)=2&db+n+%a—b—U4c+ﬂ}&&;fg%;it;n, (36)
(b2a-1),
KA@a+b—1J)=(—UH42Ha+bk@+4)—2M}gz:i¥gz:3;, (37)
Vidaya+b) = (1) - CREE %)
See also Eqs. (9) and (19).
9.6. RECURSION RELATIONS
9.6.1. Relations in Which Arguments are Changed by 1/2
[(a+b+c+1)(—a+b+c)(c+d+e+1)(c+d—e)]%{:z;}
a b——%c—-%
=-44@+d+f+nw+d—fn%{ }
d—% € f
+[(a+b—c+1)(a—b+c)(-c+d+e+1)(c—d+e)]§{Zic;l}, (1)
(a—b—d+e)[(a+b+c+1)(c+d+e+1)]%{3i;}
X a—2 b c—3
=—[(a—b+c)(c—d+e)(a+e—f)(a+e+f+1)1={ }
d e-3% f
a b-%1c-12
+[(~a+b+c)(c+d—e)(b+d—f)(b+d+f+1)]%{d ) ; }, (2)

lFﬂ+b+d@—b+c+um+e~f+n@+d+f+nﬁ{32;}

a+is-1c¢
=[(c+d—e)(c—d+e+1)(a+e+f+2)(b+d-—f)]% : ’
d-1e+lf

a+ib-1 ¢
+(a—b—d+e+1)[(—a+b+c)(b—d+f)]%{ }, (3)
d e f-

i
2
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(2d+1)(2f + D[(a+b+c+1)(a=b+0)F {Z 'Z ;}

=-ua+e+f+n@—e+nw+d+f+np¢+d+nu+d+e+nu+d-qﬁ{

-1 -1
a 2bc 3

~[(~a+e+f+1)(ate—f)b—d+f+1)(b+d—f)c+d+e+1)(c+d—¢)]} {d
——-;— e f+%

1 1
a—3bc-3

4@+e+f+n@-e+ﬁu+d—f+nw-d+wa+d+e+nu-d+4ﬁ{
d+ief-13
H(~ate+f+1)(ate—f)b+d+f+2)(-b+d+f+1)(~c+d+e+1)(c—d+e))?

a-3bc-1}
x .
d+ief+1

9.6.2. Relations in Which Arguments are Changed by 1

(2¢ + 1){2[a(a + 1)d(d + 1) + b(b+ 1)e(e + 1) — c(c + 1) f(f + 1)]
—la(a+1)+b(b+1) —c(c+1)][d(d+1) +e(e+1) —clc+ 1)]}{; I: ;}
=—clla+b+c+2)(-a+b+tc+1)(a—b+c+1)(a+b—¢c)

x(d+e+c+2)(—d+e+c+1)(d—e+c+1)(d+e-—c)]% {: l: c}-1}

—(c+1)[(a+b+c+1)(-a+b+c)(a—b+c)a+b—c+1)

X(d+e+c+1)(~d+e+c)(d—e+c)(d+e—c+1)]} {: I: c-}l}.

In particular
(2c+1){-2a{a+1) —2b(b+ 1)+ 2f(f + 1) + c(c+ 1)} {: Z ;}

= (c+1)[(2a+c+2)(2a—c)(2b+c+2)(2b—c)]§ {‘; : c-;l}

+c[(2a+c+1)(2a—c+1)(26+c+1)(2b_c+1)]§ {Z t; c;l},

(2¢+1){[a(a + 1) +5(b+ 1)—¢(¢+1)]2—2[a2(a+1)2+b2(b+1)2—c(c+1)f(f+1)]}{z i ;}
=C(a+b+c+2)(—a+b+c+1)(a—b+c+1)(a+b—c){“ b ‘“}1}

ab
+(c+1)(a+b+c+1)(—a+b+c)(a—b+c)(a+b_c+1){‘; : c}1}.

a-3bc—3

2
d-%2ef-3

1

2

|
|

(4)

(5)

(6)

(7
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9.7. GENERATING FUNCTION
The 65 symbols turn out to be the coefficients of a power series expansion of the generating function f(r;,)
[53], which depends on 12 variables 14 (¢ = 1,2,3;2 = 1,2,3,4),

-2 3 4
f(ria) = 1+ZHT,a+ZHT;a] =ZN(R,-Q){ZZ’;}H I (ia) = (1)

=1 a=1 a=1 i=1 Ria =1 a=1
The exponents R;, are elements of the R symbol. The relation between R;, and arguments a, b, ¢, etc. is given
by Eqgs. 9.1(13)-9.1(14). The normalization factors N are

N(Ri) = |57 (2)

where B, are given by Egs. 9.1(18).

9.8. SUMS INVOLVING THE 6; SYMBOLS

In this section only the most important sums involving products of the 65 symbols are presented. We shall
use the notation {abc} for the symbol which is equal to 1 if a, b, ¢ satisfy the triangular conditions 8.1({1) and is
zero otherwise. In the equations below the sum is over all possible values (integer or half-integer) of X which
obey all triangular conditions.

;(z)u 1) { at? } = (~1)%*{abc}, (1)
Sy ex+ 0 {50 ¥} - oy n@ T, (2)
X
Seren {1 X}{20 1) el
;( 1)”*“*"(2x+1){“"x}{§’;§}={‘;fii}, (4)
R U P .
R T B £ tH e 9 L B
(R=a+b+c+d+e+f+p+qg+r)
— has
L I H G e P B
permen I (0 - (0l )

(T=a+b+c+d+e+f+g+ht+ptqgtr+s). (8)



306 Quantum Theory of Angular Momentum

Many other sums, involving the 65 symbols as well as the 37m symbols and the 95 symbols, will be given in
Chap. 12.
9.9. ASYMPTOTICS OF THE 6; SYMBOLS FOR LARGE ANGULAR MOMENTA

9.9.1. Asymptotic Relations Between the 65 Symbols and the Clebsch-Gordan Coefficients

If R >» 1 and a,b, c etc. are arbitrary, one gets the following asymptotic relation

{ a b c } (—1)atbtdte

. A Y, - |
d+Re+R f+R[% 2R(2c+1)0“°""’ ®

wherea=f—-¢e,f=d—f,y=d—ce.
For the 65 symbols and the 3jm symbols this relation assumes the form [47]

a b c (_1)a+b+c+2(d+e+f) a b ¢
{d+Re+R f+r}“ JoR (e—f f—dd—e)'

The asymptotic relation between the R symbols which correspond to the 67 symbols and the Clebsch-Gordan
coefficients is written as

(2)

—c+d+e+2R b+d-f at+e—f a+b-c
-b+d+f+2R c+d-¢ a—-b+c a—e+f
—a+e+f+2R —-a+b+c c—d+e b—d+f
—-a+b+c a—-b+c a+b-—c
at+e—f b—d+f c+d—e
a—e+f b+d—f c—d+e

(_1)a+b+c+2(d+e+f)

V2R

(3)

In particular, when d = ¢ = f = 0 one obtains [60]
abec (-1)° 0
R~ 05 4
{RRR} V2R[2c+1) % (4)

9.9.2. Asymptotic Expressions for the 6; Symbols

The asymptotic behaviour of the 65 symbols { : i ;. } for large angular momenta is closely associated with

geometric properties of the tetrahedron whose edges are a + %,b + %, etc. (Fig. 9.1).

Fig. 9.1. The tetrahedron associated with asymptotic behaviour of the 6 symbols.
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(a; The Ponzano-Regge Formula [89] (semiclassical approximation to the 65 symbols): If a,b,¢,d, ¢, f > 1,
then

4
abe } 1 . T 2
~y cos JikOik + — (V*>0). (5)
{d ef] " Vi2av .-,%::1 A
Here

. 1 . 1 . 1

J12=a+5, 313=b+§, 714=C+5,

. 1 . 1 . 1
723=f+5, Jaa=e+ 3, .734=d+§» (6)

Jik = Jkiy  Jii =0.
V is the volume of the tetrahedron, ©, is the angle between two external normals to the planes adjacent
to the edge jk. -
The tetrahedron volume is equal to
g I34 .7:2;4 .7:2;3 1
1 3¢ 0 g 343 1

J33 Jis 32 0 1
1 1 1 10
The angles ©;; are given by
. 3_.. .
S,'Sk sin 6.—k = EV],'k ’ (‘L 76 k) . (8)

Here S; is the area of the triangle opposite to the vertex p; (Fig. 9.1). One can evaluate S;, using the standard
formulas. For example,

0 .7'122 7'123 1

S S N 11072 0 52, 1
St = —(s12+ 13+ 714) (J12 + 713 — 714) (G2 — F13 + Fra) (T2 + Jis +J1d) = —= |'5° 2 0 (9)

16 16 | 7is Jis 1

1 1 10

The asymptotic expressions (5) are valid only if V2 > 0 (classically allowed domain). If V2 < 0 (classically
forbidden domain, when an associated tetrahedron does not exist), the asymptotic expression becomes

4
abe 1 .
& ———————= cos Pexp § — ik Im ©; , (VZ<o), 10
{def} N AR g::l“ IR ) (10)
where .
o= (-2 )Reu. (11)
k=1 T2 .

In this case the 65 symbols are exponentially small even if the triangular condition is satisfied.
Near the classical domain boundary, where V2 =~ 0, Egs. (5), (10) are of little use, although one may use
the improved expressions [89]

(125} (i15) " cnonta s smonean
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Ai(2) and Bi(2) being the Airy functions [27],

-3
~(3V)? (4 1 s‘) V23>0,
=1

z= (13)

-1
4 3
(3|v|)? (4 1 S.-) ifv3i<o.
=1

Note that the Ponzano-Regge approximation is sufficiently accurate even at comparatively small angular mo-
menta a,b,c etc. Asymptotic expressions similar to (12) but extended over the entire domain of angular
momenta are obtained in Ref. [140].

(b) The Edmonds’ Formula [16]: If f,m,n are arbitrary integers or half-integers and a,b,¢c % f,m, n, then

a b ¢ (_1)a+b+c+!+m
RS
{b+m a+n f} V{2a +1)(2b +1)

dhn(8), (14)

where df,,,(8) is the rotation matrix (Chap. 4), © is an angle between the tetrahedron edges a + n + 1 and
b+m+ % (Fig. 9.2)
ala+1)+b(b+1)—c(c+1)

cos© =

(15)

2v/a(a + 1)b(b + 1)

Fig. 9.2. The angle © which enters Eq. 9.9(14).

In particular, if m = n =0,4,b,c 3 f and f is an arbitrary integer, then (14) turns into the Racah formula
[93],
abe (_1)a+b+c+!
) P 8), 18
{baf} V(2 + 1)(26+1) 1(cos ©) (16)

where P; is the Legendre polynomial. If, in addition, f is large (a,5,c > f > 1), one can substitute into (18)
asymptotic expressions for the Legendre polynomials to obtain

}
abe _q\atbtets 4 1 _r
{b a f}“( e [1r(2a+ NEb+1(2f + l)sine] cos [(H 2) © 4] : (17)
This expression may also be written in the form (cf. Eq. (5))
b -1 a+b+ets 1
{ierh= S e[(r+d)e-1]. s

where the tetrahedron volume is given by

V=

(a+ %) (b+ %) (f + -;-) 8in®. {(19)

D =
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(¢) If a,b,¢c,d,e, f > 1,m,n,p one has

abe a b c o(v?)
{def}{d+me+nf+p}~241rV co8(mO; + nB; + pO3) . (20)

where V is the tetrahedron volume (7)

1, fvVZ>o,

21
0, ifVi<o, (21)

e(v?) = {

©; is the angle between two external normals to the planes adjacent to the edge [; + % (Fig. 9.3), with
ly =d,l; =e,l3 = f. The angles ©; can be evaluated from

CO8 ik CO8 Pi| — CO8 Py

cosO; = - ; (22)
81N Esx SIN g1
where combinations 1, k, | are obtained by cyclic permutations of 1,2,3.
Fig. 9.3. Geometrical interpretation of the angles in Eqs. 5.9(20)-9.9(23).
In Eq. (22) pir = px: is the angle between the edges l; + 3 and lx + 4 of the tetrahedron (Fig. 9.3)
L+ D)+ (b +1)~aln+1
cos pig = Lk +1)+h(le+1)—q(n+1) ’ (23)
2\/’,’(1,' + l)lk(lk + 1)
witht#k#land jy =a,0=b,53 =c.
(d) In particular, for m = n = p = 0 Eq. (20) yields the Wigner formula [43]
2
abe e(V?)
b,c,d 1). 2
{30:} =300, @heder>y (24

This formula is valid only on the average because the 67 symbols oscillate rapidly with momentum variations
in the region of large angular momenta.
(e) If @, b,¢c, etc. are fixed and R — oo, one has [89]

{a b+ R c+R}~(_1)p [(a—b+c)!(a-—e+f)!(c+d—e)!(—b+d+f)! dsign (c+1-b-c)
de+R f+R (a+b—c){a+e—fli(—c+d+e)i(b+d— f)!

e (1)
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In this case

p=a+d+min {b+e,c+ f},

. _{1) ifIZO’ (26)
MEEZ -1, fz<o.

9.10. RELATIONS BETWEEN THE WIGNER 6; SYMBOLS AND
ANALOGOUS FUNCTIONS OF OTHER AUTHORS

Racah [91]:

W (abed;cf) = (~1)*+o+d+e {: g ;} )

Jahn [73]:
e Ulabed;cf) = (2¢ + 1)(2f + 1)) 1 W (abed; cf)

Biedenharn, Blatt and Rose [56]:

Z(abed;cf) =it [(2a + 1)(2b + 1)(2d + 1)(2¢ + 1)) 3 CL2. W (abed; c f) .

9.11. TABLES OF ALGEBRAIC EXPRESSIONS FOR THE 65 SYMBOLS

ab ;} with d = %, 1, %, 2, %, 3, %,4 are presented in Tables 9.1-9.8.

Algebraic expressions for the 65 symbols { de

We use the following notations

s=a+b+ec
X=-ala+1)+b(b+1)+c(c+1).

The tables of algebraic formulas for the 65 symbols and Racah coefficients are also given in Refs. (3, 45,
56].

9.12. NUMERICAL VALUES OF THE 6; SYMBOLS

abe
de f

values are given exactly (i.e., as square roots of rational fractions) and in decimals. All arguments a,b,¢c,d,¢, f
are supposed to differ from zero. Otherwise one should use Eqs. 9.5(1}. Arguments of the 65 symbols given in
Tables 9.9-9.11 satisfy the following conditions:

Numerical values of the 65 symbols { } with a,b,c,d,e, f < 3 are presented in Tables 9.9-9.11. These

Table 9.9. 1. a,b,d,e are half-integers; ¢, f are integers.
2. a>2b,deand ¢ > f.
3. fa=0b,thend>ce;if c= f,thenb>e.
Table 9.10. 1. a,b, ¢ are integers; d, ¢, f are half-integers.
2.a>2b>c.
3. fa=20b,thend2>e;if b=c¢, thene> f.
Table 9.11. 1. All arguments a,b,¢,d, e, f are integers.
2. a2 b,c,d,e,f;b>c,ef.

3. fa=0b,thend>e¢;if b=c, then e> f;if a =d, then ¢ > f.
Any 6) symbol can be written in one of these forms by using the classical symmetries (Sec. 9.4.2).
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Tables 9.1.~9.8. Algebraic Expressions for the 6f Symbols.

Table 9.1.
a b ¢
{1/2 e f}
7 e==c-+1/2 e=c—1/2
o (s +2) (s — 2a -+ 1) s AT (s—2F1)(s—26) Tk
b1z (=) ““[(2b+1>(b+1>(2c+1>(c+1>] (=) ‘[<2b+1><b+1)c(2c+1)]
. (s—2) (s — 26+ 1) Vh AT (1) (s—2) P
b—1/2 (—=1) 7[b(2b+1)(2c+1)(c+1)] (=1 ’2‘[b(211+1)c(2c+1)}
Table 9.2.
{a b c}
i e f
b e=c+1
'1 s+2)(s+3)(s—2a+1) (s —2a+2) /2
b+1 (=1 7[<2b+1><b+1>(2b+3)(‘cH)(c+1)(2c+3>]
th_1_[(3—;— 2(s —2c)(s—2b+ 1) (s —2a+ 1) V1
b (=1 b+ b+ @eF )+ 1) 2c+3
CATl=2 =) (=20 (s =2 ) (s =B+
b—1 (1) 7[ b= b (@3 1) (2 F D) e+ 1) (26 F3) ]
f e==c
Hli[(s—{—Z)(s—Zc—j‘-i)(s—2b)(s—2a+1) s
b+1 (—=1) <2b+1>(b+1)(2b+3)c(2c+1><c+1)]
X (_1)”-1_1_ X n
Z @41 b+ 1) e (2t 1) (et DI%
A (s+1)(s—2c)(s — 20+ 1) (s — 2a) T/
b—1 (1) “((26—1)b<2b+1)c(2c+1)(c+1>]
f e=c—1
. (s—2c+1)(s —2c+2) (s —2b— 1) (s — 2b) V2
b+1 =1 2[ @+ 1) (bF1) (2% +3) Ze—1 e
1‘_[( 1) (s — 2¢ 4 1) (s — 2b) (s — 2a) Vs
b =13 b(2b+1)(b+1)(20——1)c(2c-§—1)}
s 1 s{s+1)(s —2a—1) (s — 2a) /2
b—1 (—1) 2[(Zb—-1)b(2b+1)(20—1)c(2c+1)]
Table 9.3.
{ a b c}
3/2 e f
f e=c¢ -+ 3/2
b1 32 1:+1[ (s+2)(s+3)(s+4){(s—2a+1)(s—2a+2)(s—2a+3) ]‘/z
O™ @) (26 F 2) (261 3) (269 (2 + D) 2+ 2) e F3) @ + &)
b 12 1'[3(3—{-2)(s+3)(s-—-20)(s-—2b+1)(s—2a+i)(s-—2a+2)]‘/z
/ 0 @r ) 2+ 2) (@ + 9) (2 +1) (2c + 2) (% +3) Ze + &)
b—1/2 (—1)e1 B3(s+2)(s—2c—4){s —2¢) (s —2b+ 1) (s —2b 4 2) (s — 2a 4 1) T/
- 26— 1) 26 (26 1) (%6 1 2) (2¢ 1) (2c + 2) (2¢ F 3) (¢ +4)
a2 = 2c———2)(s—2c—1)(s-—2c)(s—2b+i)(s—-2b+2)(s—-2b+3)]‘/x
=3 =1 [ @6 —2) (26 —1) % (26 + 1) (e + 1) (Zc - 2) (2 £3) (Zc + )
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Table 9.3. (Cont.)
f e=c-41/2
. 3(s+2)(s+3)(s—2c4+1)(s—2b)(s—2a+1)(s—2a+2)Th
b+3/2 =1 [ 26 1) (25 2) (% +3) (26 +4) 2c 2c + 1) (2c + 2) (2c & 3) }
) ; (s 4+2) (s —2241) T2
b+1/2 (=1 {3""2"°)[2b @5 F 1) (26 F2) (26 1 3) % (% + 1) (2c + 2) (2 + 3) J
(s —2¢) (s —2b+1) 1y
b--1/2 (—‘)'*‘(3X+2(”+1)0}[(25_1)2b(2b+1)(2b+2)2c(2c+1)(2c+2)(2c+3)]
o . 3(s+1)(s—2c—1)(s—2c) (s —2b+1) (s — 20+ 2) (s — 2a) T/
b—3/2 (—‘)[ (26 —2) (26 —1) 20 (26 - 1) 2¢ (¢ + 1) (2c + 2) (2c 1 3)
f e=c—1/2
3(s4+2) (s —2¢+1) (s — 2¢ + 2) (s — 25 — 1) (s — 2b) (s — 22 1) Vs
b+3/2 ("‘)'“[ @+ ) 26 F2) (26 3) (26 +4) (Zc—T) 2 e+ 1) 2c +2)
. . (s —2c+ 1) (s — 2b) /2
b4-1/2 (=) (38X +2b (c +1)) [Zb @ F 1) (% 72) @9 (% —1) 2c 2+ 1) (2c+2)]
(s 4 1) (s — 2a) "
b—1/2 (—1)‘“(3X_2(b+1)(c+1)}‘:(2b—-1)26(2b+1)(2b+2)(2c-—1)2c(2c+1)(2c+2):]l
. 3(s+1)s(s—2¢)(s—2b+1) (s —2a —1) (s — 2a) /s
b—3/2 =1 [ B (@B —DBBFN R —D2 @t 1) 2+ ]
f e=c—3/2
s —2c+1) (s —242) (s —2c 3) (s —2b—2) (s —2b— 1) (s —26) Th
b+3/2 (—1) [ B FD I BFL =2 =D 2@+ 1)
3 (84 1) (s — 2¢ 4 1) (8 — 2¢ 4 2) (s — 26 — 1) (s — 2b) (s — 2a) Th
b+1/2 (“’)'I_ 26 (2b + 1) (20 F 2) (26 + 3) (2¢ — 2) (2c — 1) 2¢ (2c + 1)
. 3(s+1)s(s—2c+1)(s—2)(s—2a—1)(s—2a) Th
b—1/2 (=1 [(21;-1) 26 (26 + 1) (26 1+ 2) (2c — 2) (2c — 1) 2¢ (2c+1)]
(s—1)s(s4+1)(s—20—2) (s—2a—1) (s—2a) Th
b—3/2 ('"1)'[(21»_2) @b —1)26 (26 1) (2c —2) 2c =1) 2c Gc F 1)
Table 9.4.
a b ¢
{2 e I}
f e=c-+2
T (s+5)1 (s —2a+4120)1(2) ! Th
b2 (1) [(s—}-i)!(s—2a)!(2b+5)!(20+5)!]
o[ FO (s —2¢) (s —2b+ 1) (s—2a+3) 1 (2b—1) | (2) | T
b+1 (=1) ’2[ CFD I G—20) T2 F4T (ZcF5)1 ]
JTBGE+3) (s —20)1(s—26+2) 1 (s—2+2)!(26—2)!(2)! Th
b (=1) [(s+1)!(s—-2c——2)!(s-—-2b)l(s—2a)!(2b+3)!(2c+5)! ]
pyen g[S (5 —20)1(s—2643) 1 (s —2a+1) 26 —3) 1 20) | '
b—1 (=1) [ C—2c—3) T (=20 1 (BBF 2T @cF5)1
- (_1),[ (s —2c) 1 (s — 2b 4 4) | (2b—4) 1 (2¢) ! ]'/,

(5 —2c—4) 1 (s—26) T 26+ 1) T (2c +5) !
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Table 9.4. (Cont.)

f e=c+1
os (s+4) 1 (s =2} 1) (s —2b) (s —2a+3) 1 (20) | (2c — 1) | T2
b2 =1 ‘2[ CFDI(s—20) (B F5) 1 2cF4)] J
. . (s-3) 1 (s—2a+-2)1 (2b—1)1 (2 —1)! Th
b+1 = +14{X“bc}[ CEDTG =201 (26141 @cFa)] 1
o 6(s+2) (s —2) (s —2b+1) (s —2a 1) (26 —2) | 2c — 1) | T
b =1 2{}““)[ @4 3) 2 F4)! ]
. (s—2c) 1 (s —2b4+2)1 (26—3)! (2c—1) | Th
b—1 (—1) 14{X+°(”+1)}[(3 2% —2) T (s = 2b) 1 (26 F2) T (Zc - 4) ]
- LT (s—2) ! (s—2b43) | (s —2a) 2b—4) ! (2c — 1) | Th
- (—1) 2[ G—2c—3)T(s—26)1 (%6 F 1) [(2c &) ! ]
I e=¢
b io 6+ s—2+2) 1 (s—25)1(s—2a+2)! (26) ! (2c—2)! Th
+ (=1 [ (s+1)!(s—2c)!(s—2b—2)!(s—2a)!(2b-{—5)!(2c+3)!]
6(s+2)(s—2 1) (s —20) (s—2a 1) (2 —1) 1 (2c —2) | Th
b (2 (o [REEAE 2R DE o O e A B =D ]
b—2)1(2c—2)! Th
b (———1)'2{3X(X-—1)——4b(b—§—1)c(c+1)}[§2b+3)1222_*_3)!T
, [6(s 4 1) (s —2¢) (s — 26 4+1) (s — 2a) (26— 3) [ 2c —2) | Th
b—1 (=hri2{X—b—1} 2 F2) 1 (2c+3)! ]
o T 66+ (—2)1(s—2+2)1(s—2a) 1 2 —4!(2c—2)! Th
— (—1) [(3_1)1(s—2c—2)!(s-—2b)!(s——2a-—2)|(2b+1)?(2c—f—3)’],
f e=c—1
. (s+2)(s—2c+43)1(s—2b)1 (s —2a41)(2b) ! (2c —3)! Th
b+2 (—1)“2[ G201 (s—2b—3) 12 F5) 2T !
, (s—2c4-2)1(s—26) 1 (26— 1)1 (2c —3) ! /s
b1 (—1)“4{"““’(”‘”}‘_ (5 —2e) 1 (s —26—2)T (2 F4) 1 (2cF2) ! ]
o 6 (s 1) (s — 2¢ 4 1) (s — 2b) (s — 2a) (26 — 2) ! (2c — 3) | Th
b (—1)“2{X~c—1}[ CoF3)T(2cF2)1 ]
, (s4+1)!(s—20)1(2b—3) ! (2c —3)! Fh
b—1 (_1)+14(X—(b+1)(c+1)}[(s——1)|(s—-2a—2)'(2b+2)|(2c+2)']
b2 [(s—f—) (s —2c) (s —20-+1) (s —2a) 1 (26— 4) ! (2¢ —3) !
- =1* G—2) 1 (s—2a—3)1 (BbF DI (2! ]
f e=c—2
T (s—2c44)1(s—26)1(26) ! (2c—4)! Th
b+2 =1 [(s——Zc)!(s——Zb——4)'(2b+5)'(2c+1)':]
o[ (s —24+3) 1 (s —26) | (s —20) % — 1) ! e — &) | Th
b+1 (=1 [ C—20)1(s—26—3) (B F AT (2 F D!
) 1'[ 6(s+1)!(s—2 4 2) 1 (s—2b) | (s —2a) 1 (26—2)1 (2c —4)! Fh
(=) = 1)'(s_2c)«(s_zb—z)t(s—za—z)t(2b+e,)t(2«:-;-1)!]I
_ sl 11 (s—2c+1) (s — 20) (s — 2a) | (2b—3) ! (2 — 4) 1 "%
b—1 (=1 2[ =2 T(s—22—3) T @+ ZE1! ]
b (_1)‘[ (s 1) 1 (s —2a) | (2b—4) 1 (2c — 4) 1 ]‘/,

(s—3)1(s—2a— &1 (BF DT (2cF 1)1



Table 9.5.
a b ¢
Lo e 7]
f e=c+H5/2
, (s46)!(s—2a+5)1(2b)1(2c)! T
b+ 5/2 (“1)“I:(s+1)!(s_za)!(2b+6)!(2c+6)l]
5(s+5) ! (s—2) (s —2b+1) (s —2a4 41 (26— 1) 1 (2¢) ! T
b+ 3/2 (—1)[ (s 1) ! (s—2a) 1 (261 5) 1 (2c +6) ]
[ 10(s+4) V(s —2c) 1 (s—2b+2)1 (s —2a43) | (26—2) | (2¢) | s
b4-1/2 (—1)“[ GFDI(s—2c—2) ! (s—2b) I (s —2a) 1 (26 F &) 1 (2¢ + 6) |
10 (s +3)1 (s —2¢) ! (s —26+3) ! (s —2a42) ! (2b—3) ! (2¢) | T
b—1/2 (=1 [ CINI(s—2c—3)1(s—2b6) (s —2a) T (26 F3) [ (2c 5 6) !
, a3 +2) (s—20)1(s—2b44) | (s —2a+1) (26— 4) ! (2¢) | Th
b— 32 (—1) [ (s—2c—4) [ (s—2b)1 (26 +2)I (2c F 6) !
I (s—2c)! (s —2645)1(2b—51(2)! Th
b—5/2 (—1) [(s—Zc—S)!(s—26)!(2b+1)i(2c+6)!]
/ e=c+3/2
J[5(s+5 1 (s —2c41) (s —26) (s —2a+4) 1 (26) | 2 — 1) | T
b45/2 (—1) [ GFDI(s—2a)1(26+6)1(2cF+5)1
, , (s +4) 1 (s —2a+43) 1 (2b—1) | (2c — 1) | P>
b+ 3/2 (—1) {5X—6bc}{_ s+ 1)1 (s—2a)1 (2 +5)1(2c+5)!
2(s+3)1(s—2¢) (s—2b+1) (s ~2a+2)1 (26 —2) ! (2c — 1) | s
b+ 1/2 —1)'“(5X——20(b—3))[ GFDT(s—2a) 1 (26F4) 1 (2c+05)1 J
2(s+2)(s—2c) | (s —2b+2) 1 (s — 22 4+ 1) (2b—3) | (2c — 1) | Ts
b—1/2 (—1)'(5X+2°(b+4)}[ (5—2c—2) 1 (s—26) 1 (26+3)1(2cF5) ! :[
(s —2c) 1 (s —2b43) 1 (26 — 4) 1(2c — 1) | V4
b—3/2 (—~1>’“(5X+6°("+1))[_(s_2c-—3)1(s_zb)l(2b+2)!(2c+5)|
5(s41) (s —2¢) ! (s — 2b +4) ! (s — 2a) (26— 5) | (2c — 1) | V4
b—5/2 (—1)'[ C—2c—4)1(s—26) 1 (26 1)1 (2 F5)1
; e=c+1/2
10 (s &)1 (s—2e4+2) 1 (s —26) 1 (s —2a+3) 1 (2b) | (2 —2) | T
b+5/2 (-1)”[ GCFDIG—20)1(s—26—2) 1 (s—2a) 1 (26+6) ! (2c + 4) ! ]
2(s+3)l(s-2c+1)(s—-2b)(s—2a+2)!(2b—-1 )1 (2c —2) ! s
b+3/2 (—1>‘“(5X—2b(6—3))[ G+ 1)1 (s—2a)1(26F5)1(2c+4)1 }
— 2b—2)1(2c—2) ! Vh
b41/2 (—1)#+12 (5X* — 2X (2bc — b — ¢ 4 3) — Zbe (2bc + 4b 4 4e + 3)) [ LFAL (z,f‘;*;,‘fézf+4)’!"° /

vig

WnIUWOp 40Uy fo K100y ] wnuongy



Table 9.5. (Cont.)

f e=c+ 1/2
b—1)2 (—1)’2{5X2—{—2X(2be—b+3c-—4)—2¢(b+1)(2bc—1—4b——20+1))[(s_2()(3(;1)2:__.;1!)((2?;3)!! (26—2)!]‘/"
, ‘ 2(s+1) (s —2¢) ! (s —2b 4 2) I (s — 2a) (2b— 4) | (2c —2) | Tk
b—32 (“1)’“(5X+2(”+1)(0—3)}[ - (z_zz—z)z(s—zz;)!(gwr;)1((2c+3;) z(c ]
b 52 W10+ 1) (s —2c) 1 (s —204-3) 1 (s-—2a) 1 (26 —5) I (2c —2) | "
—5) (=1 [(3—1)!(s—2c—3)!(s—2b)!(s—2a—2)!(2b+1)!(2c+4)!J
f e=c— 142
, 10 43) (s —243)1(s—2b) I (s —2+2)1(26) | 2c—3) | Js
b+5/2 (—1)[ GFNI(s—20)(s—26—3)1 (s —2a) 1 (265 6) I (2c +3) ! J
2(s4+2)(s—2+2)1(s—2) 1 (s —2a+1)(2b—1)1 (2c—3) ! Vh
b+32 (“1)'(5X+2b(°‘+4)}[ t )(s(s—CZc)I(s——2b—2)!s(2b—‘§l—5)!)(;c+3))! e }

. Fs—2c+1)(s—2by (206 —2) 1 (2¢ — 3) { T£»
b+ 1/2 (—1)?2 (5X? + 2X (2be +3b — ¢ —4) — 2b (e +1) (2bc — 20+ 4o + 1)) | T T2 51 ]
b—1/2 (—1)22 {5X? — 2X (2bc +3b+ 3¢+ 7) —2 (b -+ 1) (c + 1) (2bc — 2b — 2¢ — 3)) [(S +1) (:Zb"j“g)(fl(’zjj);)(,zc =317k

_ , 2(s+1) (s —2¢) (s —2b-+1) (s — 2a) | (26— 4) | (2c — 3) | Vs
b—3/2 (—1)+1(5X—2(b+1)(c+4))[ (s—-i)!(s—2a—2)!(2b+2)!(2(:—}—3))!(C ) J
A0+ 1) (s —2) (s —26+2) I(s—2a) | (20 —5) L 2c—3) | Th
b—5/2 —t [(3—2)!(s—2c—2)l(s_zb)l(s—2a—.3)1(2b+1)!(2c+3)!]
f e=c—32
il 5(5+2) (s =24 4) 1 (s —26) ! (s — 22 4-1) (2b) ! (2c —4) | T
b-+5/2 (1) “[ (5—2¢) (s —26—4&) 1 (26 F6) I (2c 2 | 1
s —2c43) 1 (s —2b) | (2b— 1) 1 (2c — 4) | Ths
b-+3/2 (=) {5X +6b (e + 1))[(@ = 2cc)J?(s —(;b = 3)) ! ((Zb T 5)) !((zcc ¥ é)) ! ]
2(s+1) (s —2c+2) ! (s —2b) I (s — 2a) (20— 2) | (2c — 4) | Ve
b4-1/2 (—1)”‘{5X+2(b-3)(0+1)}E L )Ez—zz)J!r(s)—(;b-_zgng+2!((2c+)2)z(C ! ]/
2(s44) 1 (s —2¢ +1) (s — 2b) (s — 2a) | (26— 3) | (2c — &) | Vi
b—1/2 (—1)8“{5X—2(b+4)(c+1)}[ (s-——i)!(s-—2a—2)!((s‘2b+c‘;)!((2c+2))!(C 2 ]
(1)1 (s—2a) 1 2b—4) 1 (2c—4)! Th
b—3/2 (1) 5X — 6 (b4 1) (¢ + 1)} [ G—2)1(s—22—3)1 (26 2)(! iZc +)2) z ]
b—52 (_1)0[5(8—{—1)!(s—20)(s——2b+1)(s——-2a)!(21)——5)!(20—4)!]’&

G-l (s—2a—& T2+ D1 @cF21

SIUa101ff500) YpIvY 241 puv S|OqUIAS [9

S1¢



Table 9.5. (Cont.)
1 e=c—5/2
J_(s—2c+5)1(s—2b)1(26) 1 (2c —5)1 Th
b+ 5/2 (—1) [(s—2c)l(s—26—5)l(2b+6)l(2c+i)l]
5(s-+1) (s —2c+4) | (s — 2b) | (8 — 2a) (2b — 1) ! (2¢ —5) | Th
b+ 3/2 (—1)'[ (F—2)1(s—25—4) 1 (26 5)1 (2ce + 1)1
J10(s+1)1(s—2c43)1(s—2b) I (s —2a)1 (26 —2) | (2c—5)1 T
b+1/2 (=1 [(s—i)l(s—2c)l(s—2b——3)!(n—2a—2)l(2b+4)l(2c+1)l
10 (snb-1) 1 (s —2c4-2) 1 (s —2b) | (s —2a) 1 (26— 3) | (2c —5) | Th
b—1/2 (—i)'[(s—Z)l(s—Zc)l(s—2b—2)l(:—2a—3)l(2b+3)l(2c+i)!
J5(s 1)1 (s —2c+1) (s —2b) (s —2a) 1 (26— 4) | (2c —5) | T
b—3/2 (—1)[ (F—3)1(s—26—4&) 1 (26F2)1 (2 1)1
J D —20)1(2b—5)1 (2 —5)1 Th
b—5/2 (=1 [(s—é)l(s—2a—5)l(2b+1)!(20+1)|]
Table 9.6.
a b ¢
{3 e / }
i e=c+3
I —2a46)1(20)1(2) ! Th
b+3 =1 [(s+1)!(s—2a)l(2b+7)I(2¢:+7)l
6(s46) ! (s —2¢) (s —2b+ 1) (¢ — 2a +5) | (2b — 1) | (2c) ! Vs
b+2 (—1)”‘[ CFDI(s—2a)1(2bF6) 12+ 7)1 ]
(450 +5) (s —20) (s —2642)1(s—2a+4)1(2b—2)!(2) ! [h
b+1 (=1 [ CFDT(—2c—2)T(s—28)I(s—2a) 1 (26 F 5) I (2¢ - 7) ! J
i[5l 4 (s—2c) (s —26+3)1(s—2a+3)1(26—3)1(2) | T
b (—1)* 2[ (s F1)T(s—2c—3)1(s—2b) (s —2a) 1 (26 4) ! (2¢ 4~ 7) ! ]
15(s+3)|(s—2c)l(t—2b+4)l(:—2a+2)!(26—-4)!(2c)!]/a
b—1 (—‘)'[ CF NI —2c—4) (s —26) [ (s —2a) 1 (26 F 3) 1 (Zc + 7 |
6(s42)(s—2c)l(s—2b+45) (s —2a41)(25—5)1(2c) ! Th
b—2 (—i)'“[ (F—2c—5)1(s—26)1(26F2) 1 (2c F 7)1
T (s—20)1(s—2b4+6)1(26—6) 1 (2c) ! i
b—3 (—1) [(s—2c—6)l(s—-2b)l(2b+i)l(2c+7)l]
! e=c+2
i [G(s+6)1(s—2c41)(s—2b) (s —2a45)1(2) | 2c—1) | Th
b+43 (—1)“[ GFNIE—20)1(26F 7)1 (2cF6)1 T

9Ie
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Table 9.6. (Cont.)

i e=c+2
oot RS
" oz [ g e
” iz 20 [ e e e e e )
b—1 (—1)* (83X +2¢ (6 +3)} ]: 0¢+2) (‘zs"_zs)c ‘_(33)—! 2(’; J_r 33])' 1(8(2; iag' 1()2 f:zi ;)4!) (2 —1) ! ]l/,
xR R B )
6(s+1)(s—2c) ! (s—2b+5)! (s —2a) (26—6)! (2c—1)! T
b—3 (—1)~[ P —2—5 G =25 @) ETo)! |
/ e=c1
15(s +5) 1 (s —2c+2) 1 (s —2b) 1 (s —2a +4) 1 (2b) | 2c —2) | Vi
b+3 (_1).[ S N N N E NP EDY ]
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f e=c—3
35(s 4 1)1 (s —2c4+3) 1 (s —28) 1 (s —2a) 1 (26— &) 1 (2c —T) | s
b (_1)a+14{X—3(c+1)}|:(s_2)l(s—~2c)l(s—-2b-—3)l(s-—-2a—3)!(2b—|—5)l(20+2)!]
T(s41)1(s—2c+2) (s —2b)1 (s —2a)! (26—5)1(2c —T) | Vs
b—1 (_1)'+14(2X—(b+5)(c+1))|:(s—3)!(s—Zc)!(s——2b—-2)!(s—2a—4)!(2b+4)!(2c+2)!:I
14 (s 4+ 1) ! (s — 2¢ 4 1) (s — 28) (s — 2a) | (26 — 6) | (2c — 7) ! T
b—2 (—1)'“2(2X—(2b+5)(c+1))[ L )(s<s_4)!c(:r—)z(:_s))!EZb+;)!(2c+2)1 - ]
)l(s—2a)1 (-1 (2c—T)1 Th
b—3 (=114 {2X —3 (b+-1) (e -+ 1))[ s(i—é_) l)(s(i % i)e)(l @b +)2)(! iZc +)2) !:r
2(s 1)1 (s—2¢) (s —2b 4 1) (s —2a) 1 (26— 8) ! (2c — T) | ]1/,
b—4 (=1 [ G0 T(—2a—NT@T )T (@F21
] e=c¢c—4
(s —2c4+8)!(s—26) 1 (26) ! (2c —8)! T
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L 26D —24+T (s —25)! (s —2a) 26 —1) ! (2c—8) ! Th
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T(s41)1(s—2c46) (s —2b) ! (s —2a) 1 (2b—2) ! (2c —8) | TV
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Tables 9.9-9.11. Numerical Values of the 6§ Symbols.

Table 9.9.
a b ¢ a b

a b c¢|d e f {de} a b c|d e f {de

12 12 1 |12 12 1 1/2.3 0.166667 |[3/2 1/2 2| 3/2 1/2 2 1/2.2.5 0.050000
32 142 1 {12 1j2 1| —1/3° —0.333333 [{3/2 3/2 21 3/2 1/2 2] —1/2.5 —0.100000
3/2 42 1 |3/2 12 1] —1/2.2.3 —0.083333 [[3/2 3/2 2| 3/2 3/2 2 3/2.2-5 0.150000
3/2 3/12 1 |12 172 1 V5 /2.3V2 0.263523 [5/2 1/2 2| 3/2 1/2 2| —1/5 —0.200000
3/2 32 1 {32 1/2 1 1/2-3 0.166667 |5/2 1/2 2| 5/2 1/2 2| —14/2-.3.5 —0.033333
3/2 32 1|32 3)21| —11/2.2.3.5 | —0.183333 |5/2 3/2 2| 1/2 3/2 2 3/2.2.5 0.150000
5/2 312 1 [1/2 3/2 1] —1/2.2 —0.250000 {[5/2 3/2 2| 3/2 /2 2 v7[2.5V2 0.187083
5/2 312 & |32 32 1| —1/2.5 —0.100000 {52 3/2 2] 3/2 3/2 2| —1/2.5 —0.100000
52 3/2 1 152 321| —1/2.2.3.5 —0.016667 [|5/2 3/2 2| 5/2 1/2 2 1/3-5 0.066667
5/2 5/2 1 |3/2 32 1 V7[2.6V2 0.187083 }5/2 3/2 2(&5/2 3/22) —47/2.2-3.5-7 —0.111905
52 52 1|52 321 1/3.5 0.066667 |5/2 5/2 2| 3/2 4/22| —VZ[5V3 —0.463299
52 5/2 1 |52 52 4| —31/2.3.5.7 | —0.147649 |5/2 5/2 2} 3/2 3/2 2| —1/2.5V3+7 —0.021822
3/2 42 2 |12 32 1 1/2v2.5 0.158114 [[5/2 5/2 2] 5/2 1/2 2| —1/2.5 —0.100000
32 12 2 {32 12 1 1/2.2 0.250000 [|5/2 5/2 2| 5/2 3/2 2 2.2/5-7 0.114286
312 3/2 2 |32 12 1| —1/2V5 —0.223607 [|5/2 5/2 2| 5/2 5/2 2| —1/2.2.3.5 —0.016667
3/2 3/2 2 32 321 1/2.2.5 0.050000 [|3/2 3/2 3| 3/2 3/2 2 1/2-2-5 0.050000
52 1/2 2 | 1/2 3/2 1| —1/V35 —0.258199 |5/2 1/2 3| 3/2 3/2 2 1/2V2°5.7 0.059761
5/2 12 2 V42 5/2 1 V7/[2.3V5 0.197203 15/2 1/2 3{5/2 1/2 2 1/2.3 0.166667
52 12 2 |32 32 1| —1/2v2.3°5 —0.091287 || 5/2 3/2 3| 1/2 52 2| —1/V3.5.7 —0.097590
52 3/2 2 [1/2 3/2 1 V7[2.2V35 0.170783 || 5/2 3/2 3| 3/2 3/22| —VZ[5VT —0.106904
5/2 3/2 2 |1/2 5/2 ¢ 1/3V5 0.149074 | 5/2 3/2 3| 3/2 5/2 2 11/2.2.5V3.7 0.120020
5/2 3/2 2 |32 3/2 1 V7[2.5V3 0.152753 | 5/2 3/2 3|52 1/2 2| —2V2/[3V5.7 —0.159364
512 32 2 |32 5/2 1| —13/2.3-5V2.7| —0.115813 | 5/2 3/2 3| 5/2 3/2 2 23/2-3-5-17 0.109524
5/2 3/2 2 {52 3/2 1 1/2.2.5 0.050000 [ 5/2 5/2 3] 3/2 3/2 2 3.3/2-5.7 0.128571
5/2 5/2 2 |3/2 32 1| —VT[2.5V3 —0.152753 || 5/2 5/2 3| 5/2 12 2 V3 /[2V5.T 0.146385
5/2 5/2 2 |52 3/2 1| —V2[5VYT —0.106904 || 52 5/2 3| 5/2 3/22| —V3/[5.7V2 —0.034993
5/2 5/2 2 |52 521 23/2.3.5.7 0.109524 || 5/2 5/2 3| 5/2 5/2 2| —29/2-2-3-5-7 | —0.069048
32 32 3 |32 321 3/2-2.5 0.150000 {3/2 3/2 3| 3/2 3/2 3 1/2.2.5.7 0.007143
52 1/2 3 112 5/2 1 V5 /2.3VT 0.140859 [|5/2 1/2 3| 5/2 1/2 3 1/2-3.7 0.023810
52 12 3|32 3/21 1/2v2.3 0.204124 ||5/2 3/2 3] 3/2 3/23] —1/5.7 —0.028571
52 3/2 3 |42 52 1| —VZ[3VT —0.178174 |5/2 3/2 3|52 1/23| —1/3.7 —0.047619
52 3/2 3| 3/2 32 1| —V2[5V3 —0.163299 |5/2 3/2 3| 5/2 3/2 3 74/2.2.2.3.5.7|  0.084524
52 3)2 3|32 52 1| 4/2.3.5V2.7 | 0.008909 |5/2 5/2 3|3/2 3/2 3 3-3/2-2.5.7 0.064286
52 312 3 |5/2 32 1| —12.5 —0.100000 |5/2 5/2 3| 5/2 1/2 3 127 0.071429
52 52 3| 3/2 32 1 /2.5 0.100000 [5/2 5/2 3|52 323 —1/2.5 —0.100000
52 52 3] 572 321 V3 [sVT 0.130934 ||5/2 5/2 3] 5/2 5/2 3 79/2-2-3-3.5.7 0.062698
52 5/2 3152 52 1| —11/2.3.5.7 | —0.052381
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Table 9.10.
a b ¢ a b ¢
b ¢ d e f {d . f} a b ¢ d e f {d . f}

11 4 |12 42 42| —1/3 —0.333333 1 3 2 1| 3/2 3/2 52| —2-2V2/3.5VT | —0.142539
t 11 |32 12 /2| —1/2-3 —0.166667 | 3 2 1| 3/2 5/2 1]2 1/V2.3-5 0.182574
1 1 1 | 3/2 3/2 12 V5 [2.3V2 0.263523 | 3 2 1| 3/2 5/2 3/2| —VZ[5V3 —0.163299
1 1 1 | 32 32 32| —1/3V2.5 —0.105409 | 3 2 1| 3/2 5/2 5/2 V3[5VT 0.130931
1 1 1 |52 3/2 32| —1/2V2.5 —0.158114 | 3 2 1| 5/2 3/2 3/2 1/2.5V3.7 0.021822
1 1 1 | 52 572 32 V7/[2.3V5 0.497203 | 3 2 1] 5/2 3/2 52 | —1/5V2.7 —0.053452
1t 1 1 | 52 52 52| —1/3Y5.7 —0.056344 || 3 2 1] 5/2 5/2 12 1/3V2-5-7 0.039841
2 11 | 12 3/2 12 1/2V3 0.288675 | 3 2 1| 52 52 32| —2.2.2/3.5.7 | —0.076490
2 1 1 | 4/2 3/2 32| —1/2V2.3 —0.204124 || 3 2 1| 52 512 5/2 3V3/5.7VF 0.104978
2 1 1 | 32 3/2 12 1/2VY2.3°5 0.091287 | 3 2 2| 1/2 3/2 3/2 | —1/5V2 —0.141421
2 1 4 | 32 3/2 32| —V2/[5V3 —0.163299 | 3 2 2| 1/2 5/2 3/2 | —1/5VT —0.141421
2 11 | 32 512 1/2 | —1/2V5 —0.223607 | 3 2 2| 1/2 5/2 5/2 1/5 V2 0.141421
2 1 1 | 32 5/2 3/2 V7/[2.5V2 0.187083 | 3 2 2| 3/2 3/2 3/2 | —1/5V2 —0.141424
2 4 1 | 32 5/2 52| —V7[3.5V2 —0.124722 | 3 2 2| 3/2 5/2 1/2 | 45T —0.169031
2 1 1 | 52 32 32| —1/2.5V2.3 —0.040825 1 3 2 2| 3/2 5/2 3/2 15 VT 0.075593
2 1 1 | 5/2 52 32 1/2-5 0.100000 | 3 2 2| 3/2 5/2 5/2 VZ /5.7 0.040406
2 1 1 | 52 52 5/2| —2.2V2[3.5V7| —0.142539 || 3 2 2| 5/2 3/2 3/2 | —3/5.7V2 —0.060609
2 2 1 | 12 1j2 3/2 | —1/2V5 —0.223607 | 3 2 2| 52 5/2 /2| —1/¥2.3.5.7 | —0.069007
2 2 1 | 12 42 52| —1/3V5 —0.149071 | 3 2 2| 5/2 52 3/2 13/2.5.7V3 0.107222
2 2 1 | 32 1/2 3/2| —1j2vV2.5 —0.158114 | 3 2 2| 5/2 5/2 52 | —3-.3/2-5.7V2 | —0.090914
2 21 | 32 12 52 V7 [2.3V5 0.197203 | 3 3 1 | 4/2 /2 52| —V2/3VT —0.178174
2 2 1 | 32 3/2 tj2| —32.5/V2 —0.212132 | 3 3 1| 3/2 1/2 5/2 | —V5/2-3VT —0.140859
2 2 1 | 3/2 32 3/2 1/5V2 0.141421 | 3 3 1| 3/2 3/2 32| —1/V5-7 —0.169031
2 21 |32 32 52| —1/2.3-5V2 | —0.023570 | 3 3 1| 3/2 3/2 52 v7/2-2-3V5 | 0.098601
221 |52 32 12| ~1/2.5V3 —0.057735 | 3 3 1| 52 32 32| —1/V2.3-5-7 | —0.069007
2 2 1 | 52 32 3/2 V7/2.5V273 0.108012 | 3 3 1| 5/2 3/2 52 v3/2Y2.5.7 0.103510
2 2 1 | 52 32 52| —1/5V2 —0.141421 | 3 3 1 | 5/2 5/2 1j2 | —V2-5[3-7 —0.150585
2 2 1 | 52 52 1/2 v7/3.5 0.176383 1 3 3 1| 5/2 5/2 3/2 17/2.3.7VY2.5| 0.127997
2 2 1 | 52 52 32| —14/2.3-5YT | —0.138387 | 3 3 1| 52 52 52| —VZ[TV5 —0.090351
2 2 1 | 52 52 5/2 15 VT 0.075593 1 3 3 2| 3/2 1/2 5/2 V3 [2V5.7 0.146385
2 2 2 3/12 3/2 1j2 \/’7/2.5\/5 0.187083 || 3 3 2| 3j2 3/2 3/2 V3 /[5VT 0.130931
2 2 2 3/2 3/2 3)2 0 0.000000 § 3 3 2| 3/2 32 5/2 V3/2.2.5VT 0.032733
222 |52 32 12 1/2.5 0.100000 || 3 3 2| 52 1/2 5/2 1V3 57 0.097590
2 2 2 | 52 3/2 3/2| —4/2V2.7 —0.133631 || 3 3 2 5/2 3j2 3/2 3V3[5-7V2 0.104978
2 2 2 |52 52 12| —V2[5V3 —0.163299 | 3 3 2| 5/2 3/2 52 | _47/2.5.7vV2-3| —~0.099146
2 2 2 | 52 5/2 32 1/7V2.3 0.058321 | 3 3 2| 5/2 512 1/2 17 0.142857
2 .22 | 52 52 572 17v2-3 0.058321 | 3 3 2| 52 5/2 3/2 | —11/2-2.5.7 | —0.078571
321 12 1/2 502 1/3 V2 0.235702 | 3 3 2| 5/2 512 5/2| —1/2.3.5.7 —0.004762
3.2 1 | 12 3/2 32 172 V5 0.223607 | 3 3 3| 3/2 3/2 32| —V3/1V25 —0.078246
321 | 12 32 52| _q/3v5 —0.149071 | 3 3 3| 5/2 3/2 32| —3V3/2.7VY2.5] —0.117369
3 2 1 312 1/2 52 1/3Y2.7 0.089087 Il 3 3 3| 5/2 5/2 1/2| —vY5/1V2.3 —0.130410
3.2 1 1 32 32 32 1/2.5 0.100000 || 3 3 3| 572 52 3/2 1/2.7V3.3°5| 0.013041

3 33} 52 52 52 17/2.3.7V2.3.5{ 0.073899
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Table 9.11.
R R A I B ER T
1t 1 101 1 1 1j2-3 0.166667 | 3 3 1|1 1 2| —VI[3VT —0.178174
2 1 1|1 1 1| 123 066667 | 3 3 1|1 1 3| 1/2.3V2.7 0.044544
2 1 1|2 1 1 1/2.3.5 00333333 3 112 1 2| —1M.5T —0.097590

3 3 1|2 2 1| —2v2Z[3vsT —0.159364
2 2 1|1 1 1| 125 —0.223607 4 3 3 4yl o 2 2| 4NTHT 0.119523
2 2 101 1 2 1/2.3V5 0.074536 | 3 3 4|4 o 4 —13.7 —0.047649
2 2 112 1 14 —125 —0.100000f 5 3 4|3 3 4 11/2.2.3.7 0.130952
2 2 1]/2 2 1/2.3 0.166667 T

_ _ 3 3 211 1 2 VZ[5V7 0.106904

202 200 4 VIR.SVE L 0ASS3 g 5 5 oty 5| gy 0.133631
2 2 2(12 1 1 V7 [2-5V3 0452783 ) 5 3 o0 9 ¢ o VI[sVT 0.130931
2 2 212 2 1) —12:5 —0400000 4 5 5 512 4 3| —42v2ET —0.059761
2 2 212 2 2| 3257 | 00428574 5 3 5|5 5 4 2VZ3/5.7 0.139971
3 02 1)1 1 2 1/3V5 0149074 § 3 3 22 2 2| —Vi/5.7v2 —0.034993
3 02 141 2 1 1/5 0.200000 1 3 3 2|2 2 3| —14/2.5.7V2.3 | —0.064153
3 02 1|2 1 2 1/5v3-7 00436441 3 3 2|3 1 2 2/5-17 0.057143
3 2 112 2 4 1/3.5 0.066667 } 3 3 2|3 2 |1 v3[1V25 0.078246
3 2 13 2 1| 43.5.9 o.009524 | 3 8 243 2 2 —33:3.4 —0-100000
5 2 201 2 1| —vijsv3 |—o.ae3e0f3 3 2[3 3 2 19/2.2.3.5.7 0.045238
3 2 2|1 2 2 0 0.000000 | 3 3 32 2 1| —Vv31v§ —0.110657
3 2 212 2 1| —VZ[sYT | —0.10690401 3 3 3|2 2 2| —V3[2.7V5 —0.055328
3 02 202 2 2 2.2/5.7 0.414286 | 3 3 3|3 2 1 | —4;7V2 —0.101015
3 2 2013 2 1| —15.7 —0.02857¢ 3 3 3|3 2 2 2/7V385 0.073771
302 2013 2 2 2.7 0071429} 3 3 3|3 3 1 1/2.7 0.071429

3 3 3|3 3 2 1/2.3.7 0.023810

3 3 3|3 3 3| —12.7 —0.071429




